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abstract
We discuss evolution of the Fermi surface (FS) topology with doping in electron-doped cuprates within
the framework of a one-band Hubbard Hamiltonian, where antiferromagnetism and superconductivity
are assumed to coexist in a uniform phase. In the lightly doped insulator, the FS consists of electron
pockets around the ðp; 0Þ points. The ﬁrst change in the FS topology occurs in the optimally doped region
when an additional hole pocket appears at the nodal point. The second change in topology takes place in
the overdoped regime ð18%Þ where antiferromagnetism disappears and a large ðp; pÞ-centered metallic
FS is formed. Evidence for these two topological transitions is found in recent Hall effect and
penetration depth experiments on Pr2x Cex CuO4d (PCCO) and with a number of spectroscopic
measurements on Nd2x Cex CuO4d (NCCO).
& 2008 Elsevier Ltd. All rights reserved.

1. Introduction
An understanding of the origin of electron–hole asymmetry
can provide important clues for unraveling the mechanism of pair
formation in high-T c superconductors. Our recent analysis [1–3]
indicates that the electron-doped cuprates behave like uniform
antiferromagnetic (AFM) metals and superconductors over a wide
doping range up to a quantum critical point (QCP). As the halfﬁlled state is doped, electrons condense into pockets around the
ðp; 0Þ points at the bottom of the upper magnetic band (UMB).
With increasing doping the magnetic gap decreases, and as the
lower magnetic band (LMB) crosses the Fermi level ðEF Þ, hole
pockets appear near the nodal regions, resulting in the ﬁrst
topological transition (TTI) of the Fermi surface (FS). Here the
nodal hole pockets coexist with the ðp; 0Þ electron pockets,
separated by the hot-spot regions of the FS due to residual
antiferromagnetism. With further electron doping, AFM order is
destroyed as the magnetic gap collapses around x  0:18, and the
FS crosses over from being a collection of small pockets to a large
metallic ðp; pÞ-centered sheet, yielding the second topological
transition (TTII) of the FS [4]. Our model of these two topological
transitions in the FS is consistent with angle resolved photoemission spectroscopy (APRES) [5], resonant inelastic X-ray scattering
(RIXS) [6] and other experimental results as discussed below.
It is interesting to ask how the aforementioned topological
transitions manifest themselves in the superconducting proper-
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ties of the cuprates. In this connection, we show that the FS
topology is reﬂected directly in the T-dependence of the
penetration depth l: the behavior of l crosses over from an
apparent 0 s0 -wave (node-less d-wave) form below TTI, to a mixed
dþ0 s0 -wave form above TTI, to a pure d-wave form above TTII, even
though the underlying pairing symmetry remains d-wave at all
dopings. The present article thus expands on our earlier study [3],
which showed that a linear-in-T (exponential-in-T) superﬂuid
2
density ns / l
originates in the hole (electron) pockets. The
interplay between AFM order and superconductivity (SC) in
determining how the SC pairing symmetry manifests itself in
our calculations resolves a long standing controversy regarding
the pairing symmetry in electron-doped cuprates [7–13].
Recent Hall effect measurements [14] provide further evidence
for the existence of the TTI involving the appearance of nodal
hole pockets around optimal doping. We show in this article
that, above optimal doping, the experimentally observed crossover from a positive Hall coefﬁcient at low T to negative at
higher T is a direct consequence of the coexistence of two types
of charge carriers. We also comment on possible consequences
of the coexistence of the electron- and hole-like quasiparticles
such as non-Fermi-liquid behavior [15] and Bose–Einstein
condensation [16].

2. Mott insulator to Mott gap collapse
Our analysis proceeds within the framework of a one-band
Hubbard Hamiltonian with tight-binding (TB) hopping parameters t; t 0 ; t 00 , on-site repulsive interaction U, and a d-wave
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pairing interaction D; see Refs. [2,3] for details. Mean ﬁeld
Hartree–Fock approach is used to solve for all the order
parameters self-consistently, assuming that the effective U is
doping dependent [4] as shown in Fig. 1(a). A ﬁnite expectation
value of the staggered magnetization S at the nesting wave vector
~ ¼ ðp; pÞ produces a gap in the low energy spectrum. S is seen
Q
from Fig. 1(b) to decrease linearly with doping up to optimal
doping and to then drop sharply, disappearing around x ¼ 0:18,
even though U is nearly doping independent at higher dopings.
Incidentally, we adduce that the values of the TB parameters and U,
and thus of S are quite similar in NCCO [1] and PCCO [3], although
Pr1x LaCex CuO4d (PLCCO) seems to be somewhat different [2].
The magnetic gap given by US splits the bare band into the
upper (UMB) and lower (LMB) magnetic bands, where at
half-ﬁlling, the LMB is fully occupied and the UMB is empty.
A gap between the EF and the top of the LMB at the nodal point
would result in a nodal pseudogap ðDI Þ in the spectrum when
ﬂuctuation effects missing in our mean ﬁeld computations are
accounted for. This nodal pseudogap is seen from Fig. 1(c) (dashed
line) to have a large value of 1.0 eV at half-ﬁlling, and to close at
the TTI. In contrast, the pseudogap ðDII Þ at the hot-spot, taken as
the maximum gap in the FS, closes at the QCP, i.e., TTII (solid line).
The position of the maximum hot-spot gap is represented by the
o
FS angle ðfhot-spot Þ in Fig. 1(d), where the angle is zero (451) along
the antinodal (nodal) direction. Interestingly, the hot-spot in
electron-doped cuprates appears in the antinodal direction at
half-ﬁlling. With increasing doping, the gap moves away towards
the nodal direction nonlinearly with doping, where for holedoped cuprates, it stays at the antinodal direction for all dopings
o
[19]. The white dots in Fig. 2 mark fhot-spot on the FS maps at
different dopings.
Turning to the computational details of the doping evolution of
the FS, when the insulator is doped with electrons, the FS ﬁrst
forms as small, nearly circular electron pockets centered at
X ¼ ðp; 0Þ=ð0; pÞ, leading to an AFM metal as shown for x ¼ 0:05
in Fig. 2(a). With increasing doping, these electron pockets

Fig. 2. Computed spectral intensity at the Fermi energy in PCCO, which gives an
impression of the FS at different dopings. In (b), even though the LMB is below the
EF , some intensity can be seen around the nodal point due to the integration of the
spectral intensity over a ﬁnite energy window around EF (to mimic experiment).
Whites denote high and blacks low intensity. The dots mark the positions of the
hot-spot as discussed in Fig. 1(c) and (d); and the dot in (d) represents the limiting
value of momentum where hot-spot disappears.

become more squarish in shape, and lose spectral weight along
the G ! X direction as seen in Fig. 2(b). As we approach optimal
doping, the nodal pseudogap vanishes around x ¼ 0:145 (arrow in
Fig. 1(c)) as the LMB crosses EF , producing the necklace-like FS of
Fig. 2(c). Finally, a complete metal-like FS is restored in Fig. 2(d) as
the magnetic gap collapses around x ¼ 0:18.

3. Superconductivity and penetration depth
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Fig. 1. (a) Doping dependence of U=t. (b) Self-consistently computed magnetization, S (solid line, extrapolated and shown dashed at higher dopings as it
terminates in a QCP) and the corresponding experimental results from Ref. [17]
(open squares) and Ref. [18] (ﬁlled dots). (c) Nodal pseudogap ðDI Þ, deﬁned in the
text, is plotted as a function of doping in dashed line. The arrow marks the doping
ðx ¼ 0:145Þ where this pseudogap vanishes at the ﬁrst topological transition TTI.
Hot-spot gap ðDII Þ is shown in solid line which terminates near 18% doping,
denoting the second topological transition, TTII. (d) The position of the hot-spot
gap is given by the FS angle, fhot-spot ; the angle is zero (451) along the antinodal
(nodal) direction.

The superﬂuid density ns / l is a fundamental property of
the superconductor and its evolution with doping provides insight
into the interplay between the AFM and SC orders. The low-T
behavior of ns is traditionally used to determine the pairing
symmetry [20], but results in electron-doped cuprates have been
contradictory, with various measurements ﬁnding evidence for
s-wave [7], d-wave [11,12] or doping-dependent [8–10] pairing
symmetry.
We have addressed this issue by directly calculating the
penetration depth in a model with coexisting AFM and SC orders,
assuming d-wave pairing at all dopings [3]. Typical results for the
superﬂuid density ns are given in Fig. 3, and show that it varies
exponentially in the underdoped region at x ¼ 0:131, even though
the pairing symmetry is d-wave. This is due to the absence of
spectral weight in the nodal region associated with the large
nodal pseudogap. In contrast, in the optimal doping region at x ¼
0:152 [21], ns shows a linear-in-T behavior in the very low-T
region To1:5 KÞ as the nodal hole pocket is formed (see inset in
Fig. 3). Interestingly, for higher T, the theoretical penetration
depth shows a transition from a linear-in-T to an exponential in
accord with experimental observations [13].
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Fig. 3. Computed values of the normalized superﬂuid density ns ðTÞ=ns ð0Þ as a
function of scaled temperature T=T c at three different dopings in PCCO [13]. ns ð0Þ is
the superﬂuid density at T ¼ 0 and T c is the SC transition temperature. Inset: Total
ns at x ¼ 0:152 is shown decomposed into UMB and LMB contributions.

To clarify the complicated T-dependence of ns , we have
investigated the partial contributions to the total superﬂuid
density from the UMB and LMB at x ¼ 0:152 and the results are
summarized in the inset in Fig. 3. Since the UMB lies well above
the nodal point at all dopings, the associated contribution displays
an apparent 0 s0 -wave like behavior (dashed line in the inset). Once
the nodal pocket is formed the LMB contributes a linear-in-T
behavior (short dashed line). But at x ¼ 0:152, this hole pocket is
quite small, and hence the linear-in-T behavior persists only at
very low T. At high T the electron quasiparticles dominate,
yielding to an 0 s0 -wave-like plateau in the total superﬂuid density
(solid line). This leads to an apparent mixed dþ0 s0 -wave like
behavior in the pairing symmetry.
A second transition is expected in the overdoped regime near
x ¼ 0:18, where the magnetic gap collapses and only a single large
FS sheet remains. This transition should be clearly observable in
penetration depth as seen in Fig. 3 in which there is no trace of the
0 0
s -wave like plateau. So far, however, experimental data have, to
our knowledge, not been reported on such highly doped samples.
Thus the doping evolution of ns provides a direct handle on the
topology of the underlying FS.

4. Transport properties
Dagan et al. [14] have shown in PCCO that the Hall coefﬁcient
(see Fig. 4), RH , as well as the Hall angle, yH , deﬁned as
tanðyH Þ ¼ rxy =rxx , where rxy ðrxx ) denotes transverse (longitudinal) resistivity in the CuO2 plane, crosses over from a negative to a
positive value near optimal doping, implying that the charge
character of the carriers changes from being electron-like in the
underdoped system to becoming hole-like upon overdoping. For
doping xp0:14 the T-dependence of yH is seen in Fig. 4 to be
monotonic and electron-like, while for x ¼ 0:19 it is also
monotonic but hole-like. For intermediate dopings, as illustrated
by the data for x ¼ 0:15 and 0.16, it is non-monotonic and may
change sign with increasing T, from being hole-like at low T to

200

300

T (K)
Fig. 4. Experimental values of the Hall angle yH [14] as a function of T at several
dopings. Solid and dashed lines through the data for x ¼ 0:15 and 0.16,
respectively, are qualitative ﬁts of form ½ayH ðx ¼ 0:19Þ þ ð1  aÞyH ðx ¼ 0:14Þ,
where a is a mixing parameter.

electron-like at high T. Curiously, the Hall data at intermediate
dopings can be ﬁtted reasonably via a weighted average of the
experimental data at low and high doping, some discrepancies
notwithstanding. Speciﬁcally, the solid line in Fig. 3 through the
x ¼ 0:15 data points corresponds to a superposition involving 90%
of the x ¼ 0:14 data and 10% of the x ¼ 0:19 data in the ﬁgure. The
dashed line for the x ¼ 0:16 data set similarly corresponds to an
admixture with 44% of the x ¼ 0:14 and 56% of the x ¼ 0:19 data
set. These observations leave little doubt that the intermediate
doping regime involves two carrier conduction. Note that the
onset of two-carrier conduction falls at essentially the same
doping at which the nodal pockets ﬁrst appear (i.e., TTI) as
determined from penetration depth experiments. Very recently Li
et al. [22] have shown, using a spin density wave model similar to
ours, that an FS crossover from a single electron-like FS to
electron- and hole-like pockets is consistent with an anomalous
nonlinear magnetic ﬁeld dependence of the high ﬁeld Hall
resistivity.

5. Discussion and conclusion
The importance of topological transitions in controlling the
properties of electron-doped cuprates has been considered by
other authors. Krotkov et al. [15] have shown that above TTI, the
appearance of heavy hole quasiparticles may lead to non-Fermiliquid effects, such as anomalous frequency dependencies of the
conductivity and Raman response. Another interesting consequence of the coexistence of two carriers near optimal doping
could be a BCS to Bose–Einstein condensation (BEC) crossover [16].
In conclusion, we have shown that our model of a uniformly
doped antiferromagnetic metal/superconductor is capable of
describing the doping evolution of a number of properties of the
electron-doped cuprates. Our model fundamentally involves the
presence of two distinct topological transitions of the FS, which
are referred to as TTI and TTII here. The existence of TTI
(appearance of nodal hole pockets) in the optimal doping region
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is indicated quite clearly by the penetration depth and Hall effect
experiments. TTII (merging of the hole and electron pockets into a
single large FS) lies close to the solubility limit of the material and
would be more difﬁcult to observe.
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